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PARTIAL RELAXATION OF C0 VERTEX CONTINUITY OF STRESSES OF
CONFORMING MIXED FINITE ELEMENTS FOR THE ELASTICITY
PROBLEM
JUN HU AND RUI MA
Abstract. With two benchmark examples, this paper presents a general method to deal
with stress internal/boundary conditions for conforming mixed elements for elasticity prob-
lems where vertex degrees of freedom are usually involved. The main idea is to partially
relax the C0 continuity of discrete stresses at these vertices under consideration. More pre-
cisely, only the normal components of the discrete stresses are required to be continuous
across the low dimensional subfaces where these vertices are located. This paper also ex-
tends the method to construct nested mixed finite elements on adaptive meshes and proves
convergence and optimality of the adaptive algorithm.
Keywords. linear elasticity, nested mixed finite element, adaptive algorithm
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1. Introduction
The problems that are most frequently solved in scientific and engineering computing
may probably be the elasticity equations. The finite element method (FEM) was invented
in analyzing the stress of the elastic structures in the 1950s. The mixed FEM within the
Hellinger-Reissner (H-R) principle for elasticity yields a direct stress approximation since
it takes both the stress and displacement as an independent variable; while the displace-
ment FEM only gives an indirect stress approximation. Hu, a founder of the celebrated
Hu-Washizu principle for elasticity, pointed out that, the H-R principle is more general
than both the minimum potential and complementary energy principles, and is much fitter
for numerical solutions [13]. Indeed, the mixed FEM can be free of locking for nearly
incompressible materials, and be applied to plastic materials, and approximate both the
equilibrium and traction boundary conditions more accurate. However, the symmetry of
the stress plus the stability conditions make the design of the mixed FEM for elasticity sur-
prisingly hard, which has been regarded as a long standing open problem [2]. In fact, Four
decades of searching for mixed finite elements for elasticity beginning in the 1960s did not
yield any stable elements with polynomial shape functions [D. N. Arnold, Proceedings of
the ICM, Vol. I : Plenary Lectures and Ceremonies (2002)].
Since the 1960s, many mathematicians have worked on this problem but compromised
to weakly symmetric elements [3, 4, 6], or composite elements [21]. In 2002, using the
elasticity complexes, Arnold and Winther designed the first family of symmetric mixed
elements with polynomial shape functions on triangular grids in 2D [5] which was extended
to tetrahedral grids in 3D [2] and to rectangular grids in 2D [1]. Recently, the first author
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and his collaborators developed a new framework to design and analyze the mixed FEM
of elasticity problems, which yields optimal symmetric mixed FEMs. In addition, those
elements are very easy to implement since their basis functions, based on those of the scalar
Lagrange elements, can been explicitly written down by hand. The main ingredients of this
framework are a structure of the discrete stress space on both simplicial and product grids,
two basic algebraic results, and a two-step stability analysis method, see more details in
[14, 15, 17, 18, 19].
The H(div) conformity of discrete stresses only requires the continuity of normal com-
ponents of symmetric matrix-valued piecewise polynomials. However, due to the con-
straint of the symmetry, all the conforming mixed elements mentioned above impose the
C0 continuity of discrete stresses at vertices. This introduces some inconsistency errors
when discretizing some interface problems and stress boundary condition problems. Be-
sides, because of the C0 continuity of discrete stresses at vertices, the stress space on the
coarse mesh is not a subspace of that on the fine mesh, which causes the difficulty of
the convergence analysis of adaptive algorithms for the aforementioned elements, though
there are some a posteriori error estimators of two families of triangular mixed elements of
[5, 14, 17] in literature, see [9, 12].
With two benchmark examples, this paper proposes a method to cure the problems
caused by the vertex degrees of freedom. This paper mainly focuses on the two dimen-
sional elements from [5, 14, 17], and give a comment for the three dimensional case in
Section 3. The first example is an interface problemwith a piecewise constant stress whose
normal components is continuous across a line. However the pure tangential component
is discontinuous across the same line. Because of the C0 continuity of discrete stresses at
the vertices on this line, even for such a simple case, the two mixed finite element methods
of [5, 14, 17] cannot compute the exact stress. The remedy is to relax the C0 continuity
of discrete stresses at all vertices on this line. More precisely, the degree of freedom of
the pure tangential component is split into two separate degrees of freedom. As a result,
the stress space is enriched with some functions with discontinuous tangential components
across this line and the exact stress is included in the extended stress space. The second
example is Cook’s membrane problem whose mixed element methods should impose the
stress boundary condition. In order to impose general stress boundary conditions on two
edges which intersect at a corner under consideration, it requires four degrees of freedom
at the corner vertex. However, both elements of [5, 14, 17] can only provide three. To
handle such a case, the authors of [8] compromised a least square method to obtain some
approximations of the stress boundary condition. In this paper, the method for the first
example is extended to deal with this case. By splitting the triangle at the corner into two
sub-triangles and relaxing the continuity of the pure tangential component across these two
triangles, it eventually leads to four degrees of freedom at the corner vertex. The numerical
results on two benchmark examples show that this remedy reduces largely both the L2 er-
rors of the stress and displacement on coarse meshes. Moreover, the numerical experiment
of the adaptive version of the mixed element of [14, 17] for Cook’s membrane problem
demonstrates that, after the remedy, it performs much better at the first several refinement
loops.
The second purpose of the paper is to design nested mixed conforming finite elements
on adaptive meshes. The crucial idea is motivated by the method developed in the first
example and the fact that in the mesh refinement of adaptive algorithms, the new vertices
produced by the new vertex bisection are always located at the middle points of some edges
of the previous level mesh. Hence the C0 continuity of discrete stresses in [5, 14, 17] can
3be relaxed at all the new vertices by splitting the degrees of freedom of the pure tangential
components with respect to the edges of the previous level mesh into two separate degrees
of freedom. The resulting extended stress spaces then have four degrees of freedom instead
of three at all new vertices and are nested on adaptive meshes. The nestedness property
enables to generalize the framework for the vector and non-symmetric mixed elements
in [16] to prove the optimal convergence rates of adaptive algorithms for the symmetric
mixed elements. The analysis is established for the mixed element from [14, 17] with the
a posteriori error estimator of [12] in the adaptive algorithm. We remark that it can be
extended to the Arnold-Winther element [5].
The rest of the paper is organized as follows. Section 2 introduce notation in this paper
and the mixed element on triangular meshes [14, 17], including its degrees of freedom and
basis functions. Section 3 presents two examples, in which it requires to deal with the
vertex degrees of freedom. This section proposes a method to partially relax the C0 conti-
nuity at these vertices. Section 4 designs nested mixed finite elements on adaptive meshes
and prove optimality of the corresponding adaptive algorithm. Numerical experiments are
presented in Section 5.
2. Preliminaries
Let Ω ⊂ R2 be a bounded polygonal domain with boundary Γ := ∂Ω = ΓD ∪ ΓN ,
ΓD ∩ ΓN = ∅. Let H
k(ω; X) denote the Soblev space consisting of functions with domain
ω, taking values in the finite-dimensional vector space X, and with all derivatives of order
at most k square-integrable. Let L2(ω; X) denote the space of functions which are square-
integrable. For our purposes, the range space X will be either S := symmetric R2×2, R2,
or R. Let H(div, ω; S) consist of square-integrable symmetric matrix fields with square-
integrable divergence. Let ‖ · ‖k,ω represent the norm of H
k(ω), and (·, ·)ω represent as
usual, the L2 inner product on the domain ω, the subscript ω is omitted when ω = Ω. 〈·, ·〉Γ
represents the L2 inner product on the boundary Γ.
Given f ∈ L2(Ω;R2), uD ∈ H
1(Ω;R2) and g ∈ L2(ΓN ;R
2), the linear elasticity problem
with mixed boundary conditions within a stress-displacement form reads: Seek (σ, u) ∈
Σg × V such that {
(Aσ, τ) + (divτ, u) = 〈uD, τn〉ΓD for all τ ∈ Σ0,
(divσ, v) = ( f , v) for all v ∈ V
(2.1)
with
Σ0 := {σ ∈ H(div,Ω; S) |
∫
ΓN
ψ · (σn)ds = 0, for all ψ ∈ D(ΓN ;R
2)},
Σg := {σ ∈ H(div,Ω; S) |
∫
ΓN
ψ · (σn)ds =
∫
ΓN
ψ · gds, for all ψ ∈ D(ΓN ;R
2)}.
HereD denotes the space of test functions and n denotes the outnormal of ∂Ω. Define the
norm ‖ · ‖A := (A·, ·)
1/2.
Suppose that Ω is subdivided by a family of shape regular triangular meshes Th (with
the mesh size h). Given any integer k, let Pk(ω; X) denote the space of polynomials over
ω of total degrees not greater than k, taking values in the finite-dimensional vector space
X. Let xi (1 ≤ i ≤ 3) denote the vertices of triangle K ∈ Th, λi denote the barycentric
coordinates with respect to xi, and ti, j = x j − xi denote the tangent vector of edge xix j.
The remaining of this section recalls the conformingmixed element from [14, 17]. With
symmetric matrices Ti, j := ti, jt
T
i, j
, 1 ≤ i < j ≤ 3 of rank one, define an H(div,K; S) bubble
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function space
ΣK,k,b :=
∑
1≤i< j≤3
λiλ jPk−2(K;R)Ti, j.
Then the discrete stress space Σh of k ≥ 3 has the following crucial structure:
Σh :=
{
σ ∈ H(div,Ω; S) | σ = σc + σb, σc ∈ H
1(Ω; S),
σc|K ∈ Pk(K; S), σb|K ∈ ΣK,k,b,∀K ∈ Th
}
.
(2.2)
A matrix field τ ∈ Pk(K; S) can be uniquely determined by the degrees of freedom from
(1), (2) and (3) (see Figure 2.1 with solid points and arrows for k = 3):
(1) the values of τ at three vertices,
(2) for edge e with unit tangential vector te and unit normal vector ne, the mean mo-
ments of degree at most k − 2 over e of neτn
T
e , t
T
e τne,
(3) the values
∫
K
τ : θ dx for any θ ∈ ΣK,k,b.
+9
v
v
⇓ ⇓
t
t
Figure 2.1. Degrees of freedom for Σh of k = 3
Given edge e , define Te := tet
T
e and T
⊥
e, j with j = 1, 2 such that
(2.3) T⊥e,1 = nen
T
e ,T
⊥
e,2 = net
T
e + ten
T
e , therefore, T
⊥
e, j : Te = 0 and T
⊥
e,1 : T
⊥
e,2 = 0,
and
(2.4) T1 =
(
1 0
0 0
)
,T2 =
(
0 1
1 0
)
, and T3 =
(
0 0
0 1
)
.
Let XE denote all interior Lagrangian nodes of all the edges, XK denote all interior La-
grangian nodes of all the elements, and XV denote all the vertices of Th. Given node
x ∈ XV ∪XE ∪XK, let φx be its associated nodal basis function. The basis functions of Σh
can be classified into four classes:
(1) Vertex–based basis functions. Given vertex x ∈ XV, its three associated basis
functions of Σh read
τV,x,i = φxTi, i = 1, 2, 3.
(2) Volume–based basis functions. Given node x ∈ XK inside K, its three associated
basis functions of Σh read
τK,x,i = φxTi, i = 1, 2, 3.
(3) Edge–based basis functions with nonzero fluxes. Given node x ∈ XE on edge e,
its two associated basis functions with nonzero fluxes of Σh read
τ
(nb)
e,x,i
= φxT
⊥
e,i, i = 1, 2.
(4) Edge–based bubble functions. Given node x ∈ XE on edge e which is shared by
elements K1 and K2, its bubble functions in Σh read
τ
(b)
e,x,i
= φx|KiTe, i = 1, 2.
5The displacement space is the full C−1-Pk−1 space
(2.5) Vh := {v ∈ L
2(Ω;R2) | v|K ∈ Pk−1(K;R
2) for all K ∈ Th}.
Let Σg,h := Σg ∩ Σh and Σ0,h := Σ0 ∩ Σh. The mixed finite element method seeks
(σh, uh) ∈ Σg,h × Vh such that{
(Aσh, τh) + (divτh, uh) = 〈uD, τhn〉ΓD for all τh ∈ Σ0,h,
(divσh, vh) = ( f , vh) for all vh ∈ Vh.
(2.6)
3. Methodology
This section introduces a method to partially relax C0 continuity of the discrete stresses
at these vertices under consideration.
3.1. Interface problem with a discontinuous pure tangential stress. Let x = (x1, x2)
T .
Consider a piecewise constant stress σ =
(
σ11 0
0 0
)
with a discontinuous pure tangential
component σ11 across x2 = 0.5 depicted in Figure 3.1(a). Suppose that the intersection of
any edge of Th with x2 = 0.5 is an empty set, a vertex or the edge itself. Recall the stress
space Σh in (2.2). Since any matrix-valued function in Σh is C
0 continuous at each vertex
of Th. Even for such a simple case, the mixed finite element method (2.6) cannot achieve
the exact stress due to σ < Σh.
Given a vertex a on x2 = 0.5, the three circles in Figure 3.1(a) represent the three vertex
degrees of freedom of Σh at a. The corresponding basis functions read
(3.1) φa
(
1 0
0 0
)
, φa
(
0 1
1 0
)
, φa
(
0 0
0 1
)
.
Note that the H(div) conformity only imposes normal continuity across edges in contrast
to the pure tangential continuity across edges. It is possible to partially relax C0 vertex
continuity. The remedy is to split the degree of freedom at a with respect to the pure
tangential component along x2 = 0.5 into two degrees of freedom shared by the upper
plane and lower plane, respectively. The corresponding basis functions are defined by
replacing the first basis function in (3.1) with the following two new functions
φa|x2≥0.5
(
1 0
0 0
)
, φa|x2≤0.5
(
1 0
0 0
)
.
Here the function φa|x2≥0.5 is globally defined in Ω by extended zero to x2 < 0.5, and
φa|x2≤0.5 is similarly defined. The two solid points in Figure 3.1 represent the two new
separate degrees of freedom; the two circles represent the degrees of freedom with respect
to normal components and their basis functions are the last two functions in (3.1). Deal
with all vertices on x2 = 0.5 analogously. An extended stress space Σ˜h is then constructed
by enriching Σh with all the new functions whose pure tangential component are discontin-
uous at one vertex on x2 = 0.5. It can be easily checked that Σ˜h is still H(div) conforming
and Σh ⊂ Σ˜h.
Consider the interpolation of σ in Σ˜h. Let the interpolation Ihσ11 equal to 1 at vertex a
in each element below x2 = 0.5, and 10 in each element above. Thus Ihσ11 = σ11. Since
the computing error is less than the interpolation error, the mixed finite element method
with the extended stress space Σ˜h computes the exact stress.
Remark 3.1. Since Σh ⊂ Σ˜h and divΣ˜h ⊂ Vh, a similar analysis of [14, 17] shows that
the extended stress space Σ˜h and the displacement space Vh in (2.5) are stable mixed finite
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x2 = 0.5
a
σ11 = 1
σ11 = 10
(a) Before remedy
x2 = 0.5
a
σ11 = 1
σ11 = 10
(b) After remedy
Figure 3.1. Degrees of freedom at vertex a
elements. It also holds for the mixed elements constructed later in Subsect. 3.2 and Sec-
tion 4. In addition, the idea in this example can be applied to the Arnold-Winther element.
Suppose the basis functions τk, 1 ≤ k ≤ 3 are computed to vanish at the other degrees of
freedom and satisfy
τ1(a) =
(
1 0
0 0
)
, τ2(a) =
(
0 1
1 0
)
, τ3(a) =
(
0 0
0 1
)
.
Split τ1 into two separate functions
τ+1 = τ1|x2≥0.5, τ
−
1 = τ1|x2≤0.5,
Then, τ+
1
.τ+
1
, τ2 and τ3 are the new basis functions associated with the degrees of freedom
at a.
3.2. Cook’s membrane problem with general stress boundary conditions. The under-
lying domain is a quadrilateral with vertices at (0, 0), (48, 44), (48, 60) and (0, 44) shown
in 3.2. Suppose n denotes the outnormal of the domain. It is fixed (u = 0) at the left edge
of the boundary (x1 = 0) while a uniform traction force pointing upwards (σn = (0, 1)
T )
is applied at the right edge (x1 = 48). At the remaining part of the boundary it is kept in
equilibrium (σn = 0). At the corner vertices a and b, there exist inconsistent boundary
conditions.
a
u = 0
−−
−−
−→σn = (0, 1)T
b
Figure 3.2. Cook’s membrane problem
To impose the Neumann boundary conditions that σh ∈ Σg, for each vertex x on the
Neumann boundaryσh(x)n = g(x) for the three unknowns of σh(x). However, this cannot
7be satisfied if there exist general Neumann conditions at a and b. In fact, such a case needs
σh(x)n1 = g1(x) and σh(x)n2 = g2(x), where n1 and n2 denote the outer unit normal
vectors of the two incident edges. In general, this over-determined system does not have a
solution. The lease square constraint was employed in [8] to deal with this case. This paper
extends the method in Subset. 3.1 to allow for an exact Neumann boundary conditions at
the corner.
Given a corner vertex a shown in Figure 3.3(a) , it is impossible to relax theC0 continu-
ity at a in one element K since the degrees of freedom are over-determined. Divide K into
a patch consisting of two triangles K+ and K− such that K = K+ ∪ K− and e = K+ ∩ K− as
in Figure 3.3(b). As explained in Subset. 3.1, the pure tangential component does not have
to be continuous across e at a. Therefore, one can divide this degree of freedom into two
separate degrees of freedom in K+ and K−, respectively. In Figure 3.3(c), the solid points
represent these two separate degrees of freedom and the two circles represent the degrees
of freedom of normal components across e. In order to impose the Neumann boundary
conditions or the normal continuity on e+ and e−, it requires to modify the four degrees of
freedom in Figure 3.3(c) to two normal degrees of freedom on e+ and two normal degrees
of freedom on e−, see the arrows in Figure 3.3(d). This is workable as long as e+ is not
parallel to e−. In fact, if e+ is parallel e−, one of the normal component across e is the
pure tangential component along e1, which has no contribution to the normal components
across e+.
a K
(a) Before remedy
a e
K+
K−
(b) Divide into two triangles
a e
K+
K−
(c) Split the tangential compo-
nent
a e
K+
K−
e+
e−
v
w
(d) After remedy
Figure 3.3. Degrees of freedom at corner vertex a
Moreover, the four new basis functions associated with the four degrees of freedom
shown in Figure 3.3(d) can be displayed as follows:
τ1 = φa
T
⊥
e+,1
+ c1Te+ on K+
d1Te− on K−
, τ2 = φa
T
⊥
e+,2
+ c2Te+ on K+
d2Te− on K−
τ3 = φa
c3Te+ on K+T⊥
e−,1
+ d3Te− on K−
, τ4 = φa
c4Te+ on K+T⊥
e−,2
+ d4Te− on K−
(3.2)
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with the Lagrange basis function φa associated to the node a and the other notation defined
in Section 2. Using the normal continuity of the stress across edge e yields the constants
ci, di for 1 ≤ i ≤ 4. For instance, given the unit normal vector ne of e, the normal continuity
of τ1 results in the following equations
(3.3)
(
T
⊥
e+,1
+ c1Te+
)
ne = d1Te−ne.
Recall the definition of the matrix Te = tet
T
e for edge e with unit tangential vector te and
the analogies for Te+ ,Te− . Assuming te+ = (a, b)
T , define its perpendicular row vector by
t⊥e+ = (b,−a); t
⊥
e−
is similar defined for te−. Let te+ ∧ te− denote the determinant of the matrix(
te+ , te−
)
. Then, elementary computations eventually lead to
(
Te+ne, −Te−ne
)−1
=
(
(tTe+ne)te+ , −(t
T
e−
ne)te−
)−1
=
1
te+ ∧ te−
 1tTe+ne t⊥e−1
tTe−ne
t⊥e+

Therefore, it is straightforward that there always exist unique solutions c1, d1 to (3.3) unless
e+ is parallel to e−.
Remark 3.2. Note that in this example it requires an even number of triangles around a
corner vertex to relax the C0 continuity at this node. This constraint on the mesh can be
circumvented by dividing each triangle around the corner into three sub-triangles shown
in Figure 3.4. The third numerical example in Section 5 explains a special mesh refinement
in adaptive algorithms to avoid generating triangles with small angles.
Figure 3.4. Element refinement
Remark 3.3. As for the Arnold-Winther element, compute three symmetric matrix-valued
basis functions ξ+
k
, 1 ≤ k ≤ 3 which vanish at the other degrees of freedom on element K+
and satisfy
ξ+1 (a) = T
⊥
e+,1
, ξ+2 (a) = T
⊥
e+,2
, ξ+3 (a) = Te+ ,
and the analogies ξ−
k
, 1 ≤ k ≤ 3 associated with K−. Then, the expressions in (3.2) can be
applied similarly.
3.3. Comments for three dimensions. This subsection generalizes to the mixed element
on tetrahedral grids [14, 18] and only provides an outline. Apart from the C0 continuity
at vertices, the discrete stresses have some continuity across edges. Like the first example
in Subsect. 3.1, if the pure tangential components of the discrete stress are discontinuous
across a plane, the degree of freedom of any pure tangential component along the plane at
any vertex and any edge on the plane is then split into two separate degrees of freedom.
For instance, suppose τ denotes one of these associated basis functions and x3 = 0 denotes
the plane, the two new separate basis functions then read
τ1 =
τ x3 ≥ 00 x3 < 0 and τ2 =
0 x3 > 0τ x3 ≤ 0.
9If general stress boundary conditions are imposed on the intersection of three planes, it
requires to deal with the degrees of freedom associated with vertices and edges. Given a
tetrahedron K := x0x1x2x3 in Figure 3.5, suppose x0 denotes the corner vertex. In order
to relax some continuity at vertices and edges, divide K into four sub-tetrahedra with the
barycentre x′
0
. As shown in Subsect. 3.2, the task is to compute the new basis functions
associated with vertex x0 and edges x0x1, x0x2, x0x3 as those in (3.2) associated with
the corner vertex a. Let n1, n2 and n3 denote the outnormal of face F1 := x0x2x1, face
F2 := x0x1x3 and face F3 := x0x3x2 respectively. Given 1 ≤ k ≤ 3, note that there exist
x1
x2
x3
x0 x
′
0
Figure 3.5. Tetrahedron K
three independent symmetric matrices Ti,k in each sub-tetrahedron Kk = conv(x
′
0
∪ Fk)
such that Ti,knk = 0, 1 ≤ i ≤ 3 and three symmetric independent matrices T
⊥
j,k
such that
T
⊥
j,k
: Ti,k = 0, 1 ≤ j ≤ 3. Assume the following expression
τi,1 = φx0

T
⊥
i,1
+
∑3
k=1 ck,1Tk,1 on K1,∑3
k=1 dk,1Tk,2 on K2,∑3
k=1 ek,1Tk,3 on K3
with the the Lagrange basis functionφx0 associated withx0 and nine constants ck,1, dk,1, ek,1.
It can be easily checked that τi,1nk |Fk = 0 for k = 2, 3. Using the normal continuity
across the interior faces leads to the unique solutions ck,1, dk,1, ek,1 as long as any two of
Fk, 1 ≤ k ≤ 3 do not lie in one plane. Hence τi,1, 1 ≤ i ≤ 3 are three new basis function
associated with x0. Similar arguments compute the other six functions associated with the
vertex x0.
As for any interior node a in the edge x0x1, define
ξi,1 = φa
T
⊥
i,1
+
∑3
k=1 ck,1Tk,1 on K1,∑3
k=1 dk,1Tk,2 on K2
with the the Lagrange basis function φa associated with a and four constants ck,1, dk,1.
Here it should be careful because the normal continuity across the interior face x1x
′
0
x0
only imposes three conditions. Therefore, there exist some H(div) bubble functions on
K1 ∪ K2. Let t, t1 and t2 denote the tangential vector of edge x0x1, x0x2, x0x3, and let n
denote the normal vector of face x1x
′
0
x0. The three H(div) bubble functions read
ξb,1 =
φatt
T on K1
0 on K2
, ξb,2 =
0 on K1φattT on K2 , ξb,3 =

φa
tT
1
n
(t1t
T + ttT
1
) on K1
φa
tT
2
n
(t2t
T + ttT
2
) on K2
.
Actually, ξb,1 (resp. ξb,2) is already the original H(div) bubble function on K1 (resp. K2)
from [14, 18]. Unless F1 and F2 are parallel, there always exist the unique six constants
ck,1, dk,1 with the constraint of the bubble functions. Hence ξi,1, 1 ≤ i ≤ 3 are three new
basis function associated with edge x0x1.
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4. Adaptivity
4.1. Nested mixed conforming elements on adaptive meshes. The C0 continuity at ver-
tices leads to the non-nestedness in the sense that the finer stress spaces Σh from [5, 14, 17]
do not include the coarser stress spaces ΣH . Hence it is not easy to prove convergence
of the corresponding adaptive algorithms. The subsequent parts are devoted to relax C0
continuity of discrete stress functions at vertices and design nested mixed finite elements
on adaptive meshes. The main ingredients are the method employed in the first example in
Section 2 and the fact that in the mesh refinement of adaptive algorithms, new vertices gen-
erated by the newest vertex bisection are always located at the middle points of some edges
of the previous level mesh. For simplicity, this paper only analyzes the mixed conforming
element from [14, 17].
Note that each new vertex x must be a midpoint of some old edge e in TH and attach
its unit tangential vector to x and denote as tx. The degree of freedom with respect of
the pure tangential component along tx at x is separated into two as done in Subsection
3.1. Hence this results in an extended discrete stress space. Suppose T0 is the initial mesh
and Th is a refined mesh. Let nx denote the unit vector perpendicular to tx. The four
basis functions for any vertex x ∈ XV(Th)\XV(T0) are φxnxn
T
x
, φx(nxt
T
x
+ txn
T
x
) plus two
modified functions
φx
∣∣∣ ⋃
K∈K+
x
K
txt
T
x
, φx
∣∣∣ ⋃
K∈K−
x
K
txt
T
x
with
(4.1) K+
x
:= ∪{K,x ∈ K,K ∈ Th, (mid(K) − x) · nx > 0}
and
(4.2) K−
x
:= ∪{K,x ∈ K,K ∈ Th, (mid(K) − x) · nx < 0}.
Here mid(K) denotes the barycentre of K.
Throughout this section, denote the extended discrete stress space on mesh Th by Σ(Th).
As explained in Remark 3.1, the same displacement space in (2.5) is still used and here
denoted by V(Th). Note that the discrete stress space on the initial mesh T0 is the original
space Σh defined in (2.2) onT0; Σ(Th) onTh is Σh in (2.2) onTh enriched by those modified
basis functions associated with new vertices. It can be easily checked that for any coarse
mesh TH and its refinement Th, it holds Σ(TH) ⊂ Σ(Th).
To establish the adaptive algorithms of the new mixed element, we utilize the a pos-
teriori error estimator in [12]. Let Eh denote the set of edges of Th. For φ ∈ H
1(Ω;R),
v = (v1, v2)
T ∈ H1(Ω;R2), set
Curlφ := (−∂φ/∂x2, ∂φ/∂x1), Curlv :=
(
−∂v1/∂x2 ∂v1/∂x1
−∂v2/∂x2 ∂v2/∂x1
)
.
The symmetric part of the gradient of a vector field v, denoted by ǫ(v), is given by ǫ(v) :=
(∇v + ∇Tv)/2. For v = (v1, v2)
T ∈ H1(Ω;R2) and τ = (τi j)2×2, set
curlv := ∂v2/∂x1 − ∂v1/∂x2, curlτ =
(
∂τ12/∂x1 − ∂τ11/∂x2
∂τ22/∂x1 − ∂τ21/∂x2
)
.
Denote by Eh(Ω) the collection of all interior element edges in Th and Eh(Γ) the collection
of all element edges on the boundary Γ. For any triangle K ∈ Th, let E(K) denote the set
of its edges. Let hK denote the diameter of the element K and he denote the length of the
edge e. The jump [w]e of w across edge e = K+ ∩ K− reads
[w]e := (w|K+ )|e − (w|K−)|e.
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Particularly, if e ∈ Eh(Γ), [w]e := w|e. Then the a posteriori error estimator in [12] reads
η2(σh,Th) :=
∑
K∈Th
η2K(σh) +
∑
e∈Eh
η2e(σh)
with
η2K(σh) := h
4
K‖curlcurl (Aσh)‖
2
0,K , η
2
e(σh) := he‖Je,1‖
2
0,e + h
3
e‖Je,2‖
2
0,e,
Je,1 :=

[
(Aσh)te · te
]
e
if e ∈ Eh(Ω),(
(Aσh)te · te − ∂te(uD · te)
)∣∣∣
e
if e ∈ Eh(ΓD),
Je,2 :=

[
curl(Aσh) · te
]
e
if e ∈ Eh(Ω),(
curl(Aσh) · te + ∂tete (uD · ν) − ∂te
(
(Aσh)te · ne
))∣∣∣
e
if e ∈ Eh(ΓD).
Suppose (σ, u) denotes the exact solution and (σh, uh) ∈ Σ(Th)×V(Th) denotes the discrete
solution to the nested mixed element method over Th. Then, there exist positive constants
CRel and CE f f depending on the shape regularity of Th such that
(4.3) ‖σ − σh‖
2
A . C
2
Rel(η
2(σh,Th) + osc
2( f ,Th)) (reliability),
(4.4) η2(σh,Th) . C
2
E f f ‖σ − σh‖
2
A (efficiency),
The data oscillation reads
osc2( f ,Th) :=
∑
K∈Th
h2K‖ f − Qh f ‖
2
0,K ,
where Qh is the L
2 orthogonal projection operator onto the discrete displacement space
V(Th).
Remark 4.1. Note that the stress space from [14, 17] is a subspace of the extended stress
space. Therefore, the argument in Theorem 3.1 of [12] can be applied to prove the relia-
bility (4.3), and the argument in Theorem 3.2 of [12] can be applied to prove the efficiency
(4.4). The details are omitted in this paper.
4.2. Optimality. Having constructed the new conforming stress spaces on adaptivemeshes,
this subsection proves the optimal convergence rates of the corresponding adaptive algo-
rithm. For simplicity, the analysis only focuses on the case ΓN = ∅ and uD ≡ 0.
Algorithm 1: Adaptive algorithm for the nested mixed finite element method.
Given a parameter 0 < θ < 1 and an initial mesh T0. Set m := 0.
• SOLVE: Solve the mixed finite element method on Tm for the discrete solution
(σm, um) ∈ Σ(Tm) × V(Tm).
• ESTIMATE: Compute the error indicator η2(σm,Tm) piecewise.
• MARK: Mark a setMm ⊂ Tm with minimal cardinality by Do¨rfler marking such
that
η2(σm,Mm) + osc
2( f ,Mm) ≥ θ
(
η2(σm,Tm) + osc
2( f ,Th)
)
.
• REFINE: Refine each triangle K with at least one edge inMm by the newest
vertex bisection to get Tm+1.
• Set m := m + 1 and go to Step SOLVE.
In [16], the authors present a unified analysis of adaptive mixed finite element methods
for a class of problems when the finite element spaces and corresponding a posteriori error
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estimates under consideration satisfy five hypotheses. They analyze some vector and non-
symmetric mixed elements. This paper generalizes to the symmetric mixed elements. The
subsequent contents explain that the nested symmetric mixed element satisfies the five hy-
potheses in [16], and the fourth hypothesis is an analogy to that in [16], but a new version
applied to the symmetric stress space. Suppose Th is a refinement of TH .
Hypothesis 1. It can be easily checked that discrete spaces Σ(TH) ⊂ Σ(Th) and divΣ(TH) ⊂
V(TH) ⊂ V(Th).
Hypothesis 2. The pair of spaces (Σ(Th),V(Th)) satisfies the discrete inf-sup condition
‖vh‖1,h . sup
0,τh∈Σ(Th)
(divτh, vh)
‖τh‖0
for any vh ∈ V(Th)
with
‖v‖21,h :=
∑
K∈Th
‖ǫ(v)‖20,K +
∑
e∈Eh
h−1e ‖[v]‖
2
0,e.
This condition has been proved in [11] for the mixed element from [14, 17] whose stress
space is a subspace of the extended stress space Σ(Th). Hence it is apparently that the
inf-sup condition holds for the nested mixed element.
Hypothesis 3. Let QH denote the L
2 orthogonal projection operator onto V(TH). Then,
for any vh ∈ V(Th),
QHvh|K = vh|K for any K ∈ TH ∩ Th
and
‖vh − QHvh‖0,K ≤ CUhK‖vh‖1,h,ΩK for any K ∈ TH\Th.
Here
‖v‖21,h,ΩK :=
∑
K∈ΩK
‖ǫ(v)‖20,K +
∑
e∈Eh
⋂
(
⋃
K∈ΩK
E(K))
h−1e ‖[v]‖
2
0,e
and
ΩK :=
⋃
K′∩K,∅
K′.
The proof of Hypothesis 3 for the vector space is similar to that for the scalar space in [20,
Lemma 2.8] .
Hypothesis 4. Suppose H2
h
(Ω) (resp. H2
H
(Ω)) denotes some finite element of H2(Ω) on
mesh Th (resp. TH). Given ξh ∈ Σ(Th) with divξh = 0, there exist φh ∈ H
2
h
(Ω) and operator
ΠH,∇2 : H
2
h
(Ω)→ H2
H
(Ω) such that
(4.5) ξh = CurlCurlφh and CurlCurlΠH,∇2φh ∈ Σ(TH).
Moreover, ψ := φh − ΠH,∇2φh ∈ H
2(Ω) satisfies the estimates
(4.6)

ψ|K = 0 for any K ∈ TH ∩ Th,(∑
K∈TH
‖h−2
K
ψ‖2
0,K
)1/2
. ‖CurlCurlφh‖0,(∑
e∈EH
‖h
−3/2
e ψ‖
2
0,e
)1/2
. ‖CurlCurlφh‖0,(∑
e∈EH
‖h
−1/2
e Curlψ · ne‖
2
0,e
)1/2
. ‖CurlCurlφh‖0.
Recall the subdomains K+
x
defined in (4.1) and K−
x
in (4.2). The following conforming
finite element spaces from [10] approximating H2(Ω) are analogous to the higher order
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Argyris finite element spaces by a modification around the vertices. Define
S k(Th) :={v ∈ L
2(Ω) : v|K ∈ Pk(K),∀K ∈ Th, v and its all first derivatives are continuous
on the vertices, ∇v are continuous on the edges, ∇2v are continuous at the
vertices of T0, n
T
x
∇2vtx and t
T
x
∇2vtx are continuous at the vertices
x ∈ XV(Th)\XV(T0), n
T
x
∇2vnx is continuous at x in K
+
x
and at x in K−
x
for the vertices x ∈ XV(Th)\XV(T0)}.
Unlike functions in the Argyris finite element space, the component nT
x
∇2vnx of the sec-
ond derivatives of function v ∈ S k(Th) is not necessarily continuous at the vertex x ∈
XV(Th)\XV(T0). The exact sequence reads
(4.7) P1(Ω;R)→ S
k+2(Th)
CurlCurl
−−−−−→ Σ(Th)
div
−−→ V(Th).
This holds because CurlCurlS k+2(Th) ⊂ Σ(Th). In addition, note that the high order Argyris
element, the mixed element from [14, 17] and V(Th) form an exact sequence. Both of the
new spaces S k+2(Th) and Σ(Th) are enhanced by adding the same number of degrees of
freedom, which shows the exactness of the sequence (4.7). Let H2
h
(Ω) := S k+2(Th) and
ΠH,∇2 be the quasi-interpolation operator in [10], then (4.5) holds. Let ψ = φh − ΠH,∇2φh
and the estimates in (4.6) can be achieved by Theorem 2 of [10] and trace inequalities.
Hypothesis 5. There exists a reliable and efficient a posterior error estimator, which has
shown in (4.3) and (4.4).
Since the Hypothesis 4 is different from that in [16], it requires to prove a similar result
as in [16, Lemma 3.1] which implies the discrete reliability. To this end, define the kernel
space on Th
Zh(0) := {τ ∈ Σ(Th) | divτ = 0}.
Lemma 4.2. Given f ∈ L2(Ω;R2), let (σH , uH) be the solution to the discrete problem
over the triangulation TH , and let ξh be the A projection of σH onto the space Zh(0) with
(Aξh, τh) = (AσH , τh) for any τh ∈ Zh(0).
Then it holds that
‖ξh‖
2
A . η
2(σH ,TH\Th).
Proof. By the definition of ξh,
(4.8) ‖ξh‖
2
A = (Aξh, ξh) = (AσH , ξh) = (AσH , ξh − τH)
holds for any τH ∈ ZH(0). Since divξh = 0, it follows from Hypothesis 4 that there exists
φh ∈ H
2
h
(Ω) such that ξh = CurlCurlφh. Hence selecting τH = CurlCurlΠH,∇2φh ∈ ΣH
implies that there exists ψ ∈ H2(Ω;R2) such that
(4.9) ξh − τH = CurlCurl(φh − ΠH,∇2φh) = CurlCurlψ
with ψ satisfying (4.6). A summary of (4.8), (4.9) and (4.6) shows
‖ξh‖
2
A = (AσH ,CurlCurlψ) = (AσH ,CurlCurlψ)TH\Th .
The integration by parts plus (4.6) lead to
‖ξh‖
2
A =
∑
K∈TH\Th
(
(curlcurl(AσH), ψ)K +
∑
e∈E(K)
(
〈AσH te · te,Curlψ · te〉e − 〈curl(AσH) · te, ψ〉e
)
+
∑
e∈E(K)
〈AσH te · ne,Curlψ · ne〉e
)
.
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Since AσH te · ne = AσHne · te is continuous across interior edge e. This implies∑
K∈TH\Th
∑
e∈E(K)
〈AσH te · ne,Curlψ · ne〉e = −
∑
K∈TH\Th
∑
e∈EH (Γ)∩E(K)
〈AσH te · ne, ∂teψ〉e
=
∑
K∈TH\Th
∑
e∈EH (Γ)∩E(K)
〈∂te (AσH te · ne), ψ〉e,
where the fact ψ vanishing at the boundary vertices is used. Therefore,
‖ξh‖
2
A .
( ∑
K∈TH\Th
(
‖h2Kcurlcurl(AσH)‖
2
0,K +
∑
e∈E(K)
‖h1/2e [AσH te · te]‖
2
0,e
+
∑
e∈E(K)∩EH (Ω)
‖h3/2e [curl(AσH) · te]‖
2
0,e
+
∑
e∈EH (Γ)∩E(K)
‖h3/2e (curl(AσH) · te − ∂te(AσH te · ne))‖
2
0,e
))1/2
‖ξ‖0.
Since divξh = 0, it was proved in [7, Proposition 9.1.1] that
‖ξh‖0 . ‖ξh‖A,
which immediately implies
‖ξh‖
2
A .
∑
K∈TH\Th
(
‖h2Kcurlcurl(AσH)‖
2
0,K +
∑
e∈E(K)
‖h1/2e [AσH te · te]‖
2
0,e
+
∑
e∈E(K)∩EH (Ω)
‖h3/2e [curl(AσH) · te]‖
2
0,e
+
∑
e∈EH (Γ)∩E(K)
‖h3/2e (curl(AσH) · te − ∂te (AσH te · ne))‖
2
0,e
)
.
This concludes the proof. 
Define the approximation class As as
As =
{
(σ, f ) : |σ, f |s < ∞ with |σ, f |s := sup
N>0
(N s inf
#T−#T0≤N
inf
τ∈Σ(T )
‖σ − τ‖2A + osc
2( f ,T ))
}
.
The convergence results of the adaptive algorithm are presented as follows.
Theorem 4.3. Given f ∈ L2(Ω;R2), let (σ, u) be the exact solution of the linear elasticity
problem, and (σk, uk) and (σk−1, uk−1) be the discrete solutions over the nested triangula-
tions Tk and Tk−1, respectively. Then there exist positive constants 0 < α < 1, β > 0, γ > 0
such that
ek ≤ αek−1
with
ek = ‖σ − σk‖
2
A + γη
2(σk,Tk) + (β + γ)osc
2( f ,Tk).
Theorem 4.4. Let Mk be a set of marked elements with minimal cardinality, (σ, u) the
solution of (2.1), and (Tk,Σ(Tk) × V(Tk), σk, uk) the sequence of triangulations, finite ele-
ment spaces, and discrete solutions produced by the adaptive finite element methods with
the marking parameter θ. Then it holds that
‖σ − σN‖
2
A + osc
2( f ,TN) . |σ, f |s(#TN − #T0)
−s for (σ, f ) ∈ As.
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5. Numerics
Through four numerical experiments, this section compares the mixed element of k = 3
from [14, 17] (also introduced in Section 2) with the novel mixed element in this paper
with an extended stress space. The first three examples test the remedy of relaxing the C0
continuity at corner vertices as in Subsect. 3.2 on uniform and adaptive meshes. The fourth
example demonstrates convergence rates of the adaptive mixed finite element method in
Section 4.
5.1. A benchmark problem over an L-shaped domain with treatment of corners on
uniformmeshes. Consider the model problem on the rotated L-shaped domainΩ ⊂ R2 as
depicted in Figure 5.1. The exact solution reads in polar coordinates
ur(r, φ) =
rα
2µ
(−(α + 1) cos((α + 1)φ) + (C2 − α − 1)C1 cos((α − 1)φ)),
uφ(r, φ) =
rα
2µ
((α + 1) sin((α + 1)φ) + (C2 + α − 1)C1 sin((α − 1)φ)).
The constants areC1 := − cos((α+1)ω)/ cos((α−1)ω) andC2 := 2(λ+2µ)/(λ+µ), where
α = 0.544483736782 is the positive solution of α sin(2ω) + sin(2ωα) = 0 for ω = 3π/4
and with Lame´ parameter λ and µ according to the elasticity modulus is E = 105 and the
Poisson’s ratio ν = 0.499. The volume force and the Neumann boundary data vanish, and
the Dirichlet boundary conditions are taken from the exact solution. The exact solution
exhibits a strong singularity at the origin a.
The sequence of meshes is generated uniformly by the initial mesh from Figure 5.1.
It is unnecessary to deal with the degrees of freedom at corner vertices due to the zero
Neumann boundary data. However, considering the singularity of the exact solution at a,
we would like to investigate the performance of the mixed element method in [17] after
relaxing the C0 continuity at a as in Subsection 3.2. Table 5.1 demonstrates that after the
remedy, the errors of ‖σ − σh‖A and ‖u − uh‖0 are largely reduced.
−1 0 1 2
−2
−1
0
1
2
 a
ΓD
ΓN
Figure 5.1. Initial mesh for the L-shaped domain
5.2. Cook’s membrane problem with treatment of corners on uniform meshes. Re-
call Cook’s membrane problem introduced in Subsect. 3.2. In this example, the elasticity
modulus is E = 105 and the Poisson’s ratio ν = 0.499. The initial mesh is depicted in
Figure 5.2. This example relaxes the C0 continuity at a and b. Since the exact solution
is unknown, the fine grid approximation is computed by the standard continuous P5-FEM
on twice uniform refinements of the grid for the last level. Table 5.2 shows that after the
remedy, the errors are reduced, especially on the coarse mesh.
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Table 5.1. A benchmark problem on L-shaped domain on uniform meshes
‖σ − σh‖A
Mesh Before remedy Order After remedy Order
1 7.3062E-03 2.4379E-03
2 5.2168E-03 0.4860 1.7144E-03 0.5079
3 3.6276E-03 0.5241 1.1811E-03 0.5375
4 2.5075E-03 0.5328 8.1151E-04 0.5415
5 1.7280E-03 0.5371 5.5692E-04 0.5431
‖u − uh‖0
1 6.5608E-06 1.1561E-06
2 3.4583E-06 0.9238 5.1230E-07 1.1742
3 1.6759E-06 1.0452 2.1802E-07 1.2325
4 8.0297E-07 1.0615 9.5757E-08 1.1871
5 3.8181E-07 1.0725 4.3159E-08 1.1497
0 10 20 30 40 50
0
10
20
30
40
50
60 a
b
Figure 5.2. Initial mesh for Cook’s membrane problem
Table 5.2. Cook’s membrane problem on uniform meshes
‖σ − σh‖A
Mesh Before remedy Order After remedy Order
1 0.0505 0.0245
2 0.0277 0.8648 0.0159 0.6227
3 0.0156 0.8262 0.0104 0.6213
4 0.0090 0.7925 0.0067 0.6261
‖u − uh‖0
1 9.2751E-03 9.8907E-04
2 4.6433E-03 0.9982 4.1703E-04 1.2459
3 2.3348E-03 0.9919 1.7483E-04 1.2542
4 1.1760E-03 0.9894 7.3007E-05 1.2599
5.3. Cook’s membrane problem with treatment of corners on adaptive meshes. This
example tests Cook’s membrane problem by adaptive mixed finite elements. The elasticity
modulus is E = 105 and Poisson’s ration is ν = 0.499. The discrete stress and displace-
ment before remedy is denoted by σN
h
and ηN , respectively. Due to the general Neumann
boundary conditions, the least squares method is employed in this case to decide the val-
ues of stress at the two right corners. The discrete solutions after the relaxation of the
C0 continuity at a and b are denoted by σY
h
and ηY . The approximations by the standard
17
continuous P5 element on the very fine mesh are computed as the reference solutions. The
results are shown in Figure 5.3. Since the error of the inconsistent boundary conditions
dominates at the initial steps, the result before remedy is worse than after remedy. After
several refinements, the results are almost the same since the error of inconsistency has
deduced greatly.
Below describes the special mesh refinement in the adaptive algorithm. Given a mesh
Th, in order to relax the C
0 continuity at corner vertices, each triangle K around corner
vertices is divided into three sub-triangles Ki, i = 1, 2, 3 as explained in Remark 3.2. This
results in a new mesh T̂h. Solve the problem by the new mixed element method in Sub-
sect. 3.2 on T̂h. In the mesh refinement step, instead from the mesh T̂h, the next mesh is
generated by the newest vertex bisection from the mesh Th. This will avoid the angles of
triangles around corners smaller and smaller in the loops. The a posteriori error estimator
is with these terms associated with the sub-triangles added to the original triangles, i.e.
η(σh,K)
2 =
∑3
i=1 η(σh,Ki)
2.
104 105
10−7
10−6
10−5
10−4
10−3
10−2
10−1
100
Number of unknowns
 
 
||σ−σh
N||A
ηN
||σ−σhY||A
ηY
2
1
Figure 5.3. Errors ‖σ − σh‖A and η(σh,Th) vs #dofs for Cook’s mem-
brane problem
5.4. Comparison of adaptivity algorithms for twomixed elements. This example com-
pares the non-nested mixed element method from [17] with the nested mixed element
method in Section 4 on adaptive meshes for the benchmark problem in Subsect. 5.1. The
results are shown in Figure 5.4. Let σO
h
and ηO denote the discrete stress and the a poste-
riori error estimator of the former element, and σM
h
and ηM denote the results of the latter
element. Figure 5.4 presents the convergence history plot and illustrates that there is not
much difference between these two elements.
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